Abstract: In this paper, we develop a methodology to model the risk of losses resulting from a natural disaster in which the intensity parameter of the nonhomogeneous Poisson process has an upward trend and a seasonal component. We apply this model to losses due to floods in the Financial Assistance Program of the Government of Quebec (Canada). We use the historically observed risk premiums to assess the financial costs for the government if it had issued such instruments to hedge risk linked to floods.
Introduction
With average annual temperatures rising and frequencies of natural disasters increasing, dire environmental impacts, vital sociopolitical and economic problems commonly linked to global warming are growingly alarming. The 2007 report of the Intergovernmental Panel on Climate Change (IPCC) describes the effects of global warming quite plausibly due to ongoing climate change and the IPCC expects these effects and related costs to grow with time (IPCC 2007) . These issues are of great importance for insurance companies and governments whose finances are greatly affected by the occurrence of natural disasters. 1 Traditionally, insurance companies and governments have turned to reinsurance to hedge their exposure to the risk of natural disasters. The last two decades have seen an increase in the number of disasters and the value of the properties insured. Reinsurance companies have responded by increasing premiums required to hedge against the risk of a natural disaster and also by decreasing the level of coverage they are willing to offer. Further, in the 1990s, following the huge losses caused by the earthquake in California and by Hurricane Andrew on the east coast of North America, insurance companies came up with the innovation of transferring part of their risk to capital markets by issuing the first catastrophe bonds (hereafter referred to as cat bonds).
Floods are natural disasters with the highest frequency of occurrence (IBC 2008) . For instance, European flood damage resulting from the June 2013 flood across Central Europe -in particular in Austria, the Czech Republic, Germany and Hungary -caused $22 billion in economic losses; insurance payouts totaled $5 billion according to an Aon Benfield catastrophe report. In Canada, in September 2013, the Insurance Bureau of Canada (IBC) reports that PCSCanada estimated insured property damage caused by the June 2013 southern Alberta floods to have exceeded $1.7 billion. The September 2013 Colorado floods are expected to have caused economic damages in excess of $2 billion.
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In Quebec, Canada, as elsewhere, floods are severe natural disasters; since homeowners cannot purchase insurance against damages caused by floods, the Government of Quebec created a Financial Assistance Program to help homeowners after floods.
3 Thus, when big disasters occur, this provincial program, supported in part by the Federal Government, can be very costly. A good example is the Saguenay-Lac-Saint-Jean 4 flood in 1996. To eliminate these unexpected expenditures, the government wants flood risk to become insurable for homeowners. However, as stated by Sandink et al. (2010) , insurance companies may refuse to insure properties located in areas that are too risky, or alternatively charge these homeowners very high premiums, making the financial assistance program indispensable. The government would not allow such adverse selection from the private insurance companies, as it wants all citizens, including those living in the most vulnerable areas of the province as well as the most vulnerable citizens, to be insured against flood losses. Thus, the Financial Assistance Program is the only flood insurance in effect right now. The program reimburses renovation costs and essential good replacement costs for victims of floods and is entirely funded by the government. One way the government could control the expenses related to its financial aid program, without altering it, would be to transfer some of the risk to capital markets. This can be done by issuing a catastrophe bond, better known as a "cat bond," on floods. In this paper we will study how the government could have reduced its costs by issuing cat bonds to cover floods. Allianz, in 2007, closed the first cat bond ever to cover floods to transfer the risk of severe river floods in Great Britain. Recently, Canada's banking regulator was urging insurers to sell catastrophe bonds for the first time to cut the risk linked to natural disasters. Correspondingly, US Congress has called a group of insurance-linked securities (ILS) experts to look into whether US flood risk could be transferred to capital markets via cat bonds. To get the most from this risk sharing between the government, investors and insurance companies, it is important to perform an assessment of the underlying risks relating to floods.
The goal of this paper is to examine the hedging of losses due to floods in Quebec by issuing cat bonds by addressing the following four research questions: (1) How to model the occurrence of floods in Quebec? (2) How to value cat bonds issued to transfer flood risk under the Financial Assistance Program of the Government of Quebec? (3) What is the impact of the Federal Government aid on the value of the cat bonds? (4) What are the risk-adjusted returns of such instruments for investors for given risk premiums?
First, we propose a cat bond valuation model, which includes an upward trend and a seasonal effect in the intensity parameter of the non-homogenous Poisson process (NHPP) used to model the occurrence of disasters. This valuation model has an analytical solution when the losses distribution allows for a closed-form solution. Second, using 1992-2011 historical data of flood losses under the Financial Assistance Program of the Government of Quebec, our calibration exercises confirm the presence of an upward trend in the number of flood events and of a seasonal cyclical effect. Finally, we use historically observed risk premiums to assess the financial costs for the government if it had issued such instruments to hedge risk linked to floods.
The rest of the paper is structured as follows. Section 2 provides the definition and the characteristics of a typical catastrophe bond. Section 3 gives an overview of the literature review related to our work. Section 4 presents the data used for our analyses. Section 5 develops the proposed valuation model for cat bonds. Section 6 discusses the empirical results obtained with Monte Carlo simulations. We conclude in Section 7.
Overview on Catastrophe Bonds
Cat bonds are issued by insurance companies, reinsurers or by governments who wish to transfer some of their exposure to the risk of occurrence of a natural disaster, also known as securitization of disaster risks, to investors. At issuance of cat bonds, the notional amount paid by investors to acquire the bonds is placed in a trust fund called an SPV (special purpose vehicle), which is an entity completely separated from the issuer. This protects investors against the risk of default of the issuer. If no natural disaster covered by the bonds occurs during the life of the instrument, investors receive periodic coupons, and at maturity, they receive payment of the principal. If a natural disaster occurs (thereby triggering payout of the cat bond), investors lose part or all of their investment.
5 This structure is employed in this paper for an analysis of a cat bond, albeit fictive, but potentially may be used to study the costs of covering flood losses in Quebec. The flowchart in Figure 1 illustrates a typical cat bond securitization.
There are many reasons for an investor to want to hold these bonds. One important reason is diversification. Indeed, cat bonds have little or zero correlation with the market (Litzenberger, Beaglehole, and Reynolds 1996; Constantin Figure 1: Securitization of a catastrophe bond. Note: This figure summarizes the trail of cash flows that happens at issuance, during the life of and at maturity of a cat bond.
5 Note that there are different types of trigger events upon the occurrence of a disaster covered by a catastrophe bond. The main types are indemnity trigger, industry loss index trigger, modeled loss trigger, pure parametric trigger and parametric index trigger. 2011). However, for the asset to be totally independent from market movements, the market should not be affected at all by the occurrence of the natural disaster underlying the cat bond. We know that this is not always the case, especially with large-scale natural disasters such as the 2011 earthquake in Japan, Hurricane Katrina in New Orleans in the United States in 2005. 6 3 Literature Review
In pricing cat bonds, two key aspects need to be considered: the structuring of the bond issue and the valuation model used to price the bond. The accuracy of the valuation model mainly depends on the modeling of the occurrence of the underlying disaster. Accordingly, we review the three segments of the literature. We first review cat bond valuation models. We then focus on disaster risk occurrence modeling, and finally, give careful consideration to the risk premium issue.
Cat Bond Valuation Models
The literature offers different modeling approaches to price cat bonds. Most previous works use Merton (1976)'s contingent claims or no-arbitrage valuation model and assume the reinsurance market to be sufficiently efficient to diversify the risk of occurrence of disasters (e.g., Dassios and Jang 2003; Jarrow 2010; Ma and Ma 2013; Nowak and Romaniuk 2013, among many others) . The main weakness of these no-arbitrage pricing models is that it is almost impossible to find financial instruments in the marketplace that can replicate exactly the cash flows of a cat bond. In addition to this weakness, some researchers (such as Duan and Yu 2005) have argued that this risk diversification or noarbitrage argument is not applicable in all situations, particularly when the disaster is large enough to affect the whole economy. Even if a disaster would not affect the whole economy, the risk may still be non-diversifiable if the probability distribution of occurrence has a thick left tail. For disaster risk to become diversifiable, there is a need for coordination among a large number of insurers/reinsurers so that a single insurer limits his exposure to the occurrence of a given catastrophe in a given region (e.g., Ibragimov, Jaffee, and Walden 2009).
From the above literature review, cat bond markets are incomplete, so the existence of several equivalent martingale measures rules out the existence of a single price. Based on this argument, some researchers use the actuarial approach by relaxing the assumption of complete markets (e.g., Wang 2004; Lane and Mahul 2008, among many others) . The method consists of evaluating the required premium on cat bond issues by taking into account the expected loss for the issuer and the reinsurance cost. The advantage of these actuarial approaches is that they are valid even if markets are incomplete.
Our work integrates and further develops on previous closed-form models to include seasonal and global warming effects as buttressed by the ability of our model to capture the observed upward trend in floods occurrences. The proposed extended model is used to model for the first time the exposure to flood losses in the Province of Quebec in Canada.
Modeling Disaster Risk
Many of the existing works on cat bond valuation use the Poisson process as the appropriate stochastic process to model disaster occurrence. Although other models can be used for the arrival process, the Poisson process is the most used in the industry for modeling occurrence of rare events such as disasters. However, since there are different types of disasters, the Poisson process must be adapted to the disaster class being studied. Hence, different variations of the Poisson process, ranging from constant jump amplitude (e.g., Cummins and Geman 1995) to mixed or double stochastic process (e.g., Baryshnikov, Mayo, and Taylor 1999; Dassios and Jang 2003; Embrechts and Meister 1997; Louberge, Kellezi, and Gilli 1999) , are used depending on the type of catastrophe being studied.
More recently, Lin, Chang, and Powers (2009) proposed a double stochastic Poisson process to reflect the likelihood of an increase in the frequency of occurrence of natural disasters due to global warming. Hainaut (2012) proposed a process that takes into account the seasonal effect of some disasters, like floods, hurricanes and tornadoes. Our work integrates this feature of seasonal effect with a time dependent variable to account for global warming, since floods are seasonal events amplified by recent global warming.
Risk Premium Puzzle
As mentioned above, since the market for catastrophic risk is not complete, cat bonds bear a risk premium at issuance which is very difficult to gauge. Existing works, such as Bantwal and Kunreuther (1999) , showed that cat bonds have higher risk premiums than equivalently rated bonds, in some cases preventing institutional investors from entering this market. This is the result of several factors, including the ignorance of investors regarding this relatively new type of securitized instrument and investor risk aversion. Braun (2012) , for instance, using a multifactor pricing model, found that, apart from the expected loss, the covered territory, the sponsor, the reinsurance cycle, and the spreads on comparably rated corporate bonds exhibit a significant impact on cat bond spread at issuance. Cummins (2008) showed that the risk premium demanded by investors for cat bonds between 2001 and 2007 ranges between 2 and 6 times expected losses. According to Froot (2008) , the risk premium has even exceeded 10 times expected losses in the past. In particular, the risk premium associated with any particular type of disaster rises following the occurrence of some other type of disaster. For example, prices of cat bonds prices decreased (or risk premiums increased) following the terrorist attacks of September 11, 2001 , and risk premiums increased following Hurricane Andrew in 1992. These risk premium patterns can be explained by the fact that there is much less capital available on risk transfer markets after a major disaster event, leading to higher premiums. We account for this risk premium behavior in our calibration to better evaluate the costs of floods losses coverage using cat bonds in the province of Quebec.
Data
We use data from the disaster database of the Financial Assistance Program of the Government of Quebec in Canada. The data shown in Table 1 contains the amounts of losses resulting from floods for which the defrayed costs exceeded $300,000 for the provincial government. It is important to differentiate between the amounts provided by the financial aid program and the level of coverage potentially provided by an insurance company. Indeed, an insurance company could offer complete coverage to individuals, whereas this governmental aid program provides only coverage for essential goods. 7 In short, the loss amounts given in Table 1 are compensation paid to individuals for damages to essential goods, to uninsured companies, to municipalities and to organizations. They also include the costs of municipality emergency measures and temporary relocation costs of people who had to leave their homes. Since catastrophic flooding is not an insurable loss for the majority of homeowners in Quebec, it is currently impossible to obtain accurate historical data on total losses incurred 
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Loss amounts in this database provide information on historical costs of the occurrence of disasters. The number of properties at risk is also included in the database. If a disaster of the same magnitude occurs today, the losses would reflect (i) the price level today (including inflation and the increase in the value of houses) and (ii) the increase in the number of properties in the affected area. To convert historical costs into their 2011 equivalent, we use a method similar to Collins and Lowe (2001) . The formula used to convert the costs is as follows:
where D r,y is the amount of losses arising from a disaster in area r in year y; MLS r,y is the average value of houses in area r in year y; CPI y is the value of the consumer price index in year y; and NP r,y is the number of houses in area r in year y.
The rationale behind this equation is that the amount of damages is related to the number of houses affected, the price of these houses and inflation. Appendix B contains a table which presents the data on increases in the value and prices and the number of properties, by area. The proxy used for inflation is the consumer price index and the average value of homes in the affected area. Collins and Lowe (2001) do not use the average value of homes in the affected area; we decide to include this in our equation since some people must move or rebuild part of their home following the flood. The 75/25 ratio was arbitrarily chosen to give more weight to inflation (proxied by the consumer price index).
The last column of Table 1 gives the 2011 equivalent of the historical losses.
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If a disaster has occurred outside a region containing administrative metropolitan areas for which we have data on the value and number of properties, we use the mean values of the entire province for the adjustment. If the affected area contains administrative metropolitan areas for which we have data, we use the corresponding index. In addition, if two administrative regions have been affected by a single flood, we use the average of two indices (one of the metropolitan areas included in the administrative regions affected if available; otherwise, for the region that does not contain any metropolitan area, we use the index of the entire province). In cases where more than three administrative regions were affected, we use the index of the entire province.
Methodology
As in the extant literature, we assume that the occurrence of disasters follows a Poisson process. We assume that the severity of losses is independent from the Poisson process and follows a random variable whose distribution is determined based on historical data.
Modeling the Disaster Occurrence Process
We use a Poisson process to model the occurrence of floods, because as noted in the literature review above, the Poisson process is now widely accepted as the industry standard and has a good fit for the probability of rare events occurrence. 9 To calibrate the events occurrence probabilities, we need to determine the intensity λ of the Poisson process. To do this, we must choose between a constant intensity λ (homogeneous Poisson process, HPP) and a time-dependent intensity λ(t) (NHPP). The intensity λ in the case of an HPP is determined by dividing the number of historical catastrophes by the number of periods (months). We thus obtain an intensity of λ ¼ 53 20Â12 ¼ 0:2208333. For the NHPP, we innovate from previous works by modeling both the effects of seasonality and global warming. Floods occurrence is seasonal. Indeed, historically, there has been 4 times more flooding in the summer than in the winter. To include this effect in our intensity function λ(t), we introduce a periodic component which will increase or decrease our intensity, depending on the month. To do this, we use a sinusoidal function with a period of 12 months. Relying on historical data, we determine that our minimum must be during the months of January and February, while the maximum should be during the months of July and August. Our periodic component is of the form 9 Future works could explore other types of processes used in the literature to model the occurrence of floods. 
Once the seasonal effect is identified, we need to determine the function λ(t) that minimizes the sum of the squared errors when calibrated with historical data. The calibration is done with an optimization algorithm. Using the Nelder-Mead simplex method, after several iterations, we find that a first-degree polynomial 10 plus the seasonal component given in eq.
[3] is more appropriate. We obtain the following function:
where t is in months (with t ¼ 60 after 5 years). 11 We can decompose eq.
[4] into three components: a constant, an increasing trend (global warming) and a periodic variation (seasonality). The long-term trend predicted by this function is an average increase in the intensity by 0.001417 each month. Figure 2 compares the goodness of fits of the two types of Poisson processes: HPP and NHPP using historical data. It clearly shows that the NHPP fits better with our historical data. Using a two-sample Kolmogorov-Smirnov (KS) test, we compare both the HPP and NHPP with the historical data. The statistic is lower for the NHPP (0.073 for NHPP versus 0.200 for HPP) and thus its fit is better with the historical data. Hence, we have successfully integrated both the seasonal and the global warming effects in our occurrence process.
Loss Distribution
We assume that the loss amounts are independent random variables as seen in Cabrera and Hardle (2010) and others. In this section, our aim is to characterize the distribution of losses by identifying the distribution function that best fits the 10 Even increasing the degree of the polynomial beyond one does not significantly reduce the sum of the squared residuals. 11 Note that this function assumes that λ(t) is deterministic. In future research, it would be interesting to investigate the effect of a stochastic function λ(t) on our results as well. historical data. To achieve our goal, we first study the shape of the mean excess function in our historical data. Burnecki, Janczura, and Weron (2011) stated that if the mean excess function increases (decreases), it implies that the distribution has a thicker (thinner) tail than the exponential distribution. In Figure 3 , we observe that the mean excess function is increasing, thus our distribution seems to have a bigger tail than the exponential distribution. 
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Second, we study the distribution of losses. According to Burnecki, Janczura, and Weron (2011) , log-normal, gamma, exponential, Weibull, Burr and Pareto distributions are typical candidates for a loss distribution. We will therefore study these distributions and the log-logistic distribution to determine which best fits our data. Because our data contains only floods that caused more than $300,000 of damage, we subtract this amount from our historical costs. The final model will therefore be the chosen distribution plus $300,000. According to D'Agostino and Stephens (1986), when the fitted distribution deviates from the true distribution in the tails, it is best to use the Anderson-Darling (A 2 ) test. This statistic developed by Anderson and Darling (1952) is a quadratic statistic measuring the difference between the empirical distribution function of the sample and the distribution under study. To calibrate the parameters that fit each of the distributions to the historical data, we minimize the A 2 statistics using the Nelder-Mead simplex method. We reject the null hypothesis that the empirical data comes from the specified distribution if the test statistic value is greater than the specified critical value; the appropriate distribution is therefore the one with the smallest value for the test statistic. As shown in (1986) . Using these additional statistics, we can see that the generalized Pareto distribution has values slightly lower than the values for the two other distributions (lognormal and Burr).
Further, we compare the mean excess functions of the distributions with the historical data. We find that, toward the higher end of the distribution, the generalized Pareto distribution fits the data rather well whereas toward the lower end of the distribution, the log-normal distribution seems more appropriate. However, since the mean excess function of the log-normal distribution is below the historical data, we retain the generalized Pareto distribution so as to not underestimate the losses incurred. Indeed, this latter distribution is a relatively good fit to the data for the mean excess function for the majority of the distribution and it does not underestimate the function toward the tails of the distribution. Our choice of the generalized Pareto distribution confirms earlier results, where this distribution had the smallest values for the KS and W 2 statistics among the three distributions (log-normal, generalized Pareto and Burr distributions) with more or less similar A 2 values as reported in Table 2 . 
Cat Bonds Valuation Model
We use the no-arbitrage argument (e.g., Jarrow 2010) for our actuarial model to value cat bonds because it is relatively easy to understand and to implement. The value of the cat bond is obtained as the present value of the expected future payments. Our proposed model, however, innovates from Jarrow (2010) in that we adjust for a fixed coupon rate and allow the cat bond to undergo several triggering events before the remaining capital is liquidated. In addition, as we mentioned above, the proposed model accounts for seasonal and global warming effects in the occurrence process. We also assume zero correlation between the occurrence process, the loss variable and the interest rates (e.g., Burnecki, Janczura, and Weron 2011). 12 We define the following variables: -p t; s ð Þ: the value at time t of $1 paid at time s; -r t ð Þ: the risk-free rate at time t; -c: the percentage coupon rate paid in each period; -CF coupons : cash flows from coupons; -CF maturity : the principal to be paid at maturity; -L i : the amount of losses resulting from disaster i; -A: the principal value of the bond at issuance; -τ i : time of occurrence of disaster i; -T: time to maturity of the bond; -N sÀt : the number of disasters between t and s (with s > t); -1 τ i > s > τ iÀ1 : equals 1 if time s is between the occurrence of disaster i-1 and disaster i, otherwise it is 0.
Present Value of Expected Coupon Payments
The present value of expected coupons received before the first disaster is defined as
When a catastrophe occurs, we assume that the notional value of the bond is reduced by the amount of losses incurred, and thus the remaining coupons are paid on this adjusted notional value. The present value of expected coupons received after the occurrence of a first catastrophe is obtained as follows:
We can generalize this equation across i disasters. Thus, the present value of expected coupons received after the occurrence of i disasters is
To obtain the analytical form of this equation, we need to compute the probability that i disasters occurred before time s. Since we defined our arrival process for disasters as a Poisson process with a deterministic intensity function λðtÞ, the probability of having n disasters between time t and time s is given by
The probability of having zero disasters between time 0 and time s is
Hence, before the first disaster, the present value of expected coupon payments, given in eq.
[5], becomes
For i disasters, the present value of expected coupons received, given in eq. [7] , becomes
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The present value of expected coupons to be received is the sum of the expected present values defined above for all occurrences of possible disasters. It then follows:
where g(∑ i ) is the density function of the sum of losses for i occurrences.
We assume that losses due to the disasters are iid, i.e. independent from each other and identically distributed, with density function f(L i ), which yields
where "Â" is the convolution product operator, i.e. f x
Present Value of Expected Principal at Maturity
The present value of the expected principal at maturity when no disaster occurs is
½16
The present value of the expected principal at maturity when i disasters occur is
The present value of the expected principal to be received at maturity is the sum of the present value for each disaster occurrence possible:
Formula for the Present Value of the Cat Bond
Observing eqs [15] and [18], we can quickly note that the most significant terms are the first ones in each of the equations. In fact, as the number of disasters increases, the last terms in the equations will become very small and negligible. To implement the model for a catastrophe bond, one needs to consider the magnitude of the terms as i increases and decide at which critical value K to stop, as the inclusion of the terms beyond K disasters has no significant impact on the value of the bond. Therefore, eqs [15] and [18] can be rewritten as follows:
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where O : ð Þ is the error term that can be ignored. The formula for the cat bond value is obtained by summing these two expressions [19] and [20] as follows:
To solve this equation analytically, we need to know the density function g P i À Á , which is obtained as the convolution product of i identical density functions f(x). Here, since our loss amounts are distributed according to the generalized Pareto distribution, there is no analytical solution. Indeed, Ramsay (2006) stated that the analytical solution for the convolution product of n density functions exists only for specific cases with Pareto distributions, which is not our case. Nor do the analytical solutions exist using log-normal distributions (Li 2007) or Burr distributions (Kortschak and Albrecher 2010) . Since we are unable to obtain analytical solutions with the Pareto distributions for the losses, we will resort to Monte Carlo simulations to obtain our empirical results.
Simulation Results
Above we found the generalized Pareto distribution to be a better fit to our loss data. Unfortunately, with this distribution, known closed-form analytical solutions for cat bond values are not available. Therefore, we use Monte Carlo simulations. We first define the characteristics of the cat bond that the government could have issued in the market to cover its losses from floods. And then, before conducting the Monte Carlo simulations for our empirical analyses, we provide an example with the gamma distribution for the loss amounts for which we obtain an analytical form. We then compare the results obtained with this analytical solution to the results of the Monte Carlo simulations to check if our proposed formulas are correct. More importantly, we use the analytical formula as a control variate and follow the regression method described in Boyle, Broadie, and Glasserman (1997) in subsequent Monte Carlo simulations for variance reduction. We then compare the losses that have been incurred historically to the cost of the hedge using a cat bond.
Cat Bonds Characteristics and Assumptions
We assume that the government issues one type of cat bonds to hedge against flooding losses. The bonds have a fixed coupon rate. At each occurrence of a disaster, the principal is reduced by the loss amount. We assume the following additional parameters at issuance: -The coupons are paid monthly and the annual coupon rate is c. -The principal amount at issuance is A 0 ¼ $500 million.
-The maturity of the bond is 1 year (to allow a comparison with the historical losses on an annual basis). -The bonds are issued on December 1 of each year. For example, when the hedging cost is shown for year 1993, it is for a hedge that covers the period from December 1, 1992, to December 1, 1993. -We use the zero-coupon yield curves data from the Bank of Canada. For the zero-coupon yield curve methodology, we refer the interested reader to Bolder, Johnson, and Metzler (2004) .
We also use the following assumptions: -Losses (L i ) follow a generalized Pareto distribution and are iid. The distribution is calibrated to historical data. -The occurrences of catastrophe floods follow an NHPP with deterministic intensity function λ(t) given in eq.
[4] and calibrated to the historical data. -When a catastrophic event occurs during a period, we assume that the loss amount can be immediately assessed and the principal is reduced at the end of the period by the equivalent amount.
Under the risk-neutral probability, the value of the catastrophe bond at issuance is given by
where n is the period; N is the number of periods up to the maturity of the bond; A n is the adjusted principal amount at the end of period n; r n is the risk-free rate with a term that corresponds to the end of period n; cis the annual percentage coupon paid. The coupon rate that gives a bond value at par at its issuance (based on an initial principal amount of 100) is obtained as follows:
P N n¼1 A n e
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We use Monte Carlo simulations to obtain the principal amounts A n . Then, using the zero-coupon yield curve, we determine the coupon rate which allows us to issue the cat bond at par. The cost of an issue is the spread relative to an equivalent risk-free bond and is given by
where b is the annual coupon rate of an otherwise equivalent risk-free bond issued at par with the same maturity and same coupon frequency as the catastrophe bond;
is the adjusted principal with L j representing the amount of losses incurred following the occurrence of disaster j, and i is the number of disasters that have happened between 0 and n. We generate the paths of A n over the life of the catastrophe bond in which the dynamics of L j follows the generalized Pareto distribution and the arrival of disasters follows the NHPP as specified above.
Validation with a Gamma Distribution for the Losses
In this section we validate our valuation model and since the generalized Pareto distribution doesn't allow us to obtain an analytical solution to our model, we use a gamma distribution to describe the losses here. With the gamma distribution, it is possible to obtain the solution to formula [21] which is the value of the cat bond. We will compare the results obtained with this analytical solution to those obtained from the Monte Carlo simulations.
For the analytical solution, we assume the loss amounts to have the following gamma distribution: L i , gamma ðα; θÞ, with α ¼ 0.438 and θ ¼ 2.609e þ 7. With these distributions, we obtain an analytical solution to eq. [21]. 13 We compute the value of a catastrophe bond on December 1, 2011 (t ¼ 239 in the λ(t) equation), with a principal of $500 million at the issue, a monthly coupon rate of 0.666% (8% per annum) and maturities of 1, 2, 5, 10 and 20 years. We used a critical value of K ¼ 100 obtained by trial and error with our data. The results from the analytical solution and Monte Carlo simulations are given in Table 3 . We observe that the valuation made with the analytical model is very close to the one obtained by Monte Carlo simulations. In fact, the maximum difference is only $0.025 for a principal of $100. Since this difference is minimal, we can conclude that our model is valid. As the analytical model cannot be used with the distribution chosen for the losses caused by floods in Quebec, we proceed by Monte Carlo simulations for the rest of this paper. However, we have developed a simple and efficient model to evaluate cat bonds when the losses distribution has a closed-form solution for the convolution product of n density functions.
Comparing the Actual Historical Losses and the Hedging Costs
Here we compare the annual losses that have occurred with the costs that the government would have borne if there was a hedging strategy via a cat bond issue of one year maturity. Figure 4 plots the historical losses and the costs of issuing a bond offering complete disaster coverage over the course of one year. When hedging at actuarial cost would have been possible, the issuance of catastrophe bonds would have greatly reduced flood losses uncertainty since 1993. As we can observe, the objective of hedging with a cat bond is justly to protect the provincial government against catastrophic events similar to the 1996 Saguenay-Lac-Saint-Jean floods, which cost more than $100 million Canadian to Quebec taxpayers.
Analyzing the Effect of the Risk Premium
The development of an actuarial valuation model is the first step in valuing the cost of issuance of this type of risk transfer solution. As discussed in our literature review, the risk premium required by investors to issue a cat bond depends on the prevailing market conditions. The risk premium is measured as expected returns demanded by investors divided by expected losses. For example, a risk premium ratio of 1 corresponds to the fair actuarial value, i.e., the total expected return required by investors is equal to the total expected loss; meanwhile, a ratio of 3 means that the issuer must provide a return that covers three times expected losses. Following Cummins (2008) and Lane and Mahul (2008) , we examine the impact of a risk premium varying between 1 and 6 times expected losses. Indeed Lane and Mahul (2008) found an average long-term trend risk premium ratio of 2.69. Figure 5 shows the historical losses as well as the costs that would have been incurred from issuing catastrophe bonds which offer full flood risk coverage during one year for various risk premiums. Of course, the cost of the hedge increases with the level of risk premium. Table 4 presents the average historical flood losses and hedging costs over the study period (1992-2011) for various risk premium ratios. Complete coverage would have been beneficial if the risk premium ratio was less than 2. However, one must be aware that the objective of insurance or hedging is not necessarily to lower costs, but rather to stabilize annual costs, i.e., reduce the volatility of annual cash outlays and to prevent unexpected situations in which a single catastrophic event forces the issuer to make a large payment that could threaten its financial viability.
Analyzing the Impact of the Trigger Level
We rerun our analyses with different trigger levels using the average long-term risk premium estimated by Lane and Mahul (2008) , i.e., 2.69. A $1 million deductible means that there will be a cat bond payoff only if losses exceed $1 million, and there is no payout otherwise. The higher the deductible, the less the coverage provided by the hedge. Figure 6 shows the historical annual costs in 2011 dollars that would have been paid if the government had issued catastrophe bonds with a risk premium ratio of 2.69 and for different triggering levels. These costs include hedging costs as well as losses in the case of partial or no hedging strategy. All else being equal, we can see that full coverage offers more stability in the historical annual costs than partial coverage. However, losses must be significantly larger for the insurance hedge to be viable; otherwise it is better for the issuer to choose a higher deductible level. Figure 7 plots the average annual costs over the study period as a function of the deductible level with a risk premium ratio of 2.69. We can see that the relationship between the trigger level and the total costs is not linear but "bound." Indeed, setting too low or too high deductible levels would not have been advantageous. 
Studying the Impact of the Federal Government Contribution
Under the current provincial flood financial aid program, the federal government has to defray part of the costs when the per capita costs of a disaster in the province exceed a certain amount. Table 5 , taken from the website of Public Safety Canada, shows the percentage paid by the federal government during disasters such as floods in Quebec. Many scenarios can be explored. On the one hand, the federal government could enter into an agreement to share the issuance costs with the provincial government in cases where the provincial government decides to issue cat bonds to hedge the total exposure (including the part covered by the federal government). On the other hand, the provincial government could decide to issue cat bonds to cover only the portion of expected losses not reimbursed by the federal Hedging Flood Losses Using Cat Bonds government. Since the risk premium is generally less for small-scale events, it is reasonable to assume that the existence of federal aid would decrease the risk premium required by the market. Figure 8 compares the historical losses and the hedging costs with and without federal aid, assuming a risk premium ratio of 2.69 and full coverage (zero deductible). As expected, the expected losses and hedging costs are lower when federal aid is included.
Analyzing the Risk-Adjusted Returns to Investors
The principal benefit to an investor that invests a portion of its wealth in a catastrophe bond is diversification. Returns offered by disaster risk markets have little or no correlations with traditional securities (stocks and bonds) markets. To analyze the risk-adjusted returns to investors, we use the Sharpe ratio because it is a risk-adjusted measure that is widely understood by portfolio managers. 14 Since the Sharpe ratio is the portfolio excess return adjusted by its risk level (measured by the portfolio volatility), it shows which investment would have given the higher return for each unit of risk taken. To obtain the risk-adjusted performance measure, we compute the Sharpe ratio of the investment as follows:
where R is the average annual return of the investment over the period, r is the risk-free rate and σ is the standard deviation of annual returns. For the risk-free 14 Of course, we could have used other more sophisticated risk-adjusted performance measures with asymmetric risk measures like value at risk. Since this is not the main focus of this paper, we leave these interesting issues for further studies.
rate, we use historical returns on 3-month government T-bills. Table 6 presents the Sharpe ratios for the cat bonds. The Sharpe ratios with federal aid are higher than those without federal aid.
Stress Test with the Distributions Parameters
In this section, we stress the parameters of the generalized Pareto distribution and the intensity of the Poisson process to see their impact on the historical average annual costs of hedging. We assume a risk premium of 2.69. The results are presented in Table 7 . As we can see, the impact of a 10% variation in the value of the parameter k of the generalized Pareto distribution has much bigger 
Conclusion
In this paper, we have developed a methodology to model the risk of flood losses. We extended the model proposed by Jarrow (2010) and derived a semiclosed-form formula for cat bond valuation that accounts for coupons and occurrence of multiple events. The proposed model uses an NHPP to capture the probability of disaster occurrence and includes at the same time the seasonal and the global warming effects on the occurrence of floods. We carefully performed estimation of the intensity function parameters for the NHPP describing the occurrence of disasters as well as the loss distribution dynamics for the occurrence of disasters. We used losses recorded by the Government of Quebec flood financial aid program for our calibrations. Our intensity function calibration results confirm the presence of an upward trend in the number of occurrences of floods and also of a seasonal cyclical effect.
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However, it is possible that the upward trend was overstated because of the data available to us. We used our model to price cat bonds that the government could have issued to hedge its losses. Using extant empirical studies on the risk premium of catastrophe bonds, we were able to analyze the effect of different levels of risk premiums on the hedging costs. Of course these costs can vary depending on the market sentiment and conditions, so the timing of the issue 15 Nonetheless, the independence assumption between losses from one period to another can be questioned given the observed upward trend in floods occurrences. We thank an anonymous referee for this very insightful remark. Indeed, one could argue that with more frequent occurrences of floods and less time between them, current losses could be dependent on previous ones. This would mean that our assumption about the independence of losses amounts could eventually become wrong. We could take this into account by reducing the amounts of estimated losses for further floods occurrences in the same year or in subsequent years because items would not have been replaced or repaired yet. This would reduce the expected losses and thus the hedging costs. However, given the big size of the territory covered by the assistance program, we are far from having material probabilities that multiple floods could hit the same region during the same year or within a short time period. Moreover, the small amount by which we could have reduced the losses amounts means that changing the independence assumption would have small or even zero impact on our results and conclusions.
will be important. Indeed, issuance following a major natural disaster will probably be more expensive and should be captured by the risk premium. We exogenously use historical risk premiums observed in the marketplace, this constitutes one main limitation of our study. Nevertheless, with more information on total historical losses resulting from floods in affected regions, our methodology could be used by government mitigation agencies or by an insurance company to evaluate the costs of offering flood protection to the inhabitants in disaster-prone areas.
After all, the purpose of this paper is to propose a practical framework to show how one may use cat bonds to hedge flood losses in Quebec and elsewhere. Our simple modeling approach to model catastrophe risk and price the proposed cat bond evokes some weakness. However, future research could extend our present work by using a more innovative pricing model and complex processes for flood occurrences and losses. 
